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1. MoryT i geThIpe KOpabd/isd TaK PACTIOJIOKUTHCS HA MOPe, YTOOBI MOTAPHbIE PACCTOSTHUS
MeKIy HUMH Oblin Obl paBHBI cOOTBeTCTBeHHO 1, 2, 3, 4, 5, 6 Muasam?
Pewenue.
JlocTaTouHO MpWBECTH PUCYHOK WJIM ONUCAHWE pacrosoxkeHnuda. Kopabiam paszmernmaoTcs
Ha OJTHON NpAMOM.

Omeem. a, moryT.

2. Pemmure ypasuenue HOK(n?, m)+HOK(n, m?) = 2019, rue n u m — HaTypa/bHble 9HC-
Jia.
Pewerue.
Ilepswiti cnocob. Kaxoe u3 ciaaraeMbiX JEIUTCA HA 1 U HA 1M, TOITOMY CYMMa JeJIUTCS
u Ha n, 1 Ha M. /lanee, mpaBag dacTh, T.e. 2019, TOKHO AeMUThCA W HA N, U HA M.
Ho 2019 = 3 - 673, mosToMy BO3MOXKHBIe 3HadeHud N U m — 3To 1, 3, 673. IIpoBepkoii
yOexK1aeMcsl, 9TO eCJIU XOTsI ObI OJHO YHCI0 paBHO 673, TO €ro KBaaApaT CJAUIIKOM 0OJb-
IIOM JIJIsi PaBOil YacTH, & €CJIM TH YUCAA PABHbI | wjin 3 B JIIOOBIX KOMOMHAIMSIX, TO
KBaJIpaT 9TUX YHUCEJ CJUITKOM MaJl Jiisd mpapoit vactu 2019.
Bmopoti cnocob. [lpegctaBum ducjia n ¥ m B BUJE . =P - ¢, M =D - T, IJIe P — IPOU3-
BeJICHHE BCeX OOIIMX IPOCTBIX MHOXKHUTEEH dmces n U m, ¢ — IPOU3BEJCHHE ITPOCTHIX
MHOXKHUTeJIeH n, He BXOAAIINX B M, " — TPOU3BeIeHNE IPOCTHIX MHOKUTEIeH m, He BXO-
agamux B n (BapuaHThl p = 1 wim ¢ = 1 wim r = 1 T0Ke JOMKHBI OBITH PACCMOTPEHDI ).
Torna HOK(n?,m) = p*- ¢* - v, HOK(n,m?) = p* - r? - . Beinecem oGIue MHOKUTEIN B
cymme HOK (n?, m)+HOK(n,m?) = p*-q- 7 (¢ +r). 3amernm, uro 2019 = 3 - 673, 06a
MHOXKHUTeJIST pocThie. V3 Hanucannoro Beiie pazioxkenud cyMMbl HOK Mbr jgoKHBI
npeactaBuTh 2019 B Bujie mponsBeleHHsS KaK MHUHUMYM YeThbIpeX MHOMKHTeIel - KBaJl-
para IpPOCTOr0 YUC/aa, JABYX HPOCTBIX YHUCET U eme oaHoro umcaa (r + ¢). Tak kak B
paznozxkernn 2019 Ha mpocThie MHOXKNTETN HET HUA OJTHOTO KBaJpaTa, TO HCXO/IHOE YPaB-
HeHue He uMmeet perennii npu p # 1. Ono He umeer pemennii u ipu p = 1,n # 1, m # 1,
TaK Kak IIpousBejenue ¢-1-(q+r) 10J2KHO COOTBETCTBOBATD IIpou3seaenuio 2019 = 3-673.
Ecu ou0 w3 uncest n u m 66110 661 paBHO 1, (HapuMep, n), TO ypaBHEHUE CBEJIOCH Obl
Kk m + m? = 2019, He umeromeMy peleHnil B HATYpPaJbHBIX YUC/IAX, YTO TAKIKE MOXKHO
IPOBEPUTH, UCHONb3Ys paznoxkenne 2019 wa npocrbie MuOKuTenU. (Perenue, cogeprxa-
mee ¢ = 1 u/mwan r = 1 npu n # 1, m # 1 nonamaer moj caydail p # 1 u Takxe
HEBO3MOZKHO. )
Omsem. Pemenuii Her.



3. Kaprodens u cBekIy Be3yT Ha 79 MaITuHAX, He 00s3aTeTbHO OIMHAKOBBIX, TPUYIEM KazK-
Jlasi MalllnHa 3arpyzKeHa uin kaprodesem, nin cBekJioi. Jlokazkure, 910 U3 3TUX MAIIHH
MOXKHO BbIOpaTh 40 Mamuu Tak, 9ro oHu Be3yT He menee 50% Bcero kaprodens u He
menee 50% Bceil CBEKJIBI.

Pewenue.
[Iycts KapTodensb mepeBO3UTCS N MaTUHAME. PacioI0KIM MallliHbl B MTOPsAIKe YObIBa-
HU$ MaCChl 11€PEBO3UMOI0O KapTodeJis.

ay = a3 2 a3 > ... 2 (p_1 = Ay

HyCTb CBEKJIa 1IePEBO3UTCA /{Z MalllUHaMH. PaCHOJIO)KI/IM MalllUHbl B IIOPAJIKE y6bIBaHI/IH
MAaCCHI IEPEBO3UMON CBEKJIbI.

by >by >b3> ... > b1 >0y

OnHo u3 gncen n, k deTHOE, BTOpOe HedeTHOE (X cyMMa pasHa 79). [lycrs, g onpee-
JIEHHOCTH, YeTHBIM sIBJISIETCS N, T.e. N = 2p, k = 2t — 1. Boibepem p nepsoix (ymopsigoden-
HBIX) MAIIUH, TePeBO3IIIX KapTodesb U ¢ MalluH, epeBo3amux cBekIy. OdeBuIHO,

artaytaz+...+a, > app1+ ...+ apo1 +ay

TaK KakK KayKJoe cjaraeMoe, CTOsIee Ha MecTe ¢ HOMEPOM ¢ CJieBa, He MeHbBIe COOT-
BETCTBYIOIIETO CJAaraeMoro, CTOAIIEr0 Ha MecTe ¢ HOMepOM % cripaBa. Bee p cimaraeMbix
c7IeBa B CyMMe JaloT He MeHbINe MOJOBHHB Beeil Macchl Kaptodens. leiicTBuTensbHo,

eCJIU TPEeJOJ0KUATh, YTO CYMMa CJIeBa MEHbIIIe EM (M - obmas macca kaproders),

I CyMMa CIIpaBa He MOXKET IPEeBBINAaTh CYMMY CJeBa, TO CYMMa JICBOI M IIpaBoil 4acTu
1
HepaBeHcTBa OyaeT MeHbIIe §M + §M = M. Uraxk, MBI IIOKa3aJId, 9TO BEIOpaHHBIE IIeP-

BbIE D MAIllUH MePeBO3sT He MEHbIE MOJOBIHBI MACCHI KapTodess.
Aanorudso BeIGEpEM ¢ TEPBBIX (YIOPSAI0UEHHBIX) MAIINH, MEPEBO3SIIUX CBEKITY

b1—|—bg+b3—|—...—|—btth+1—|—...—|—bk_1—|—bk

OTmeTuM, 9TO YUCTIO CAATaeMBIX CJIeBa Ha OJHO OOJbIIe, YeM CIIPaBa, MOITOMY MOYKHO
MONAPHO CPABHUTH CJIaraeMble CJIeBa W clpaBa (OJHO CJAraeMoe CJIeBa OKayKeTcsl 6e3
IAPBI), U TOJYYUTH, UYTO CyMMa CJIeBa He MeHbIIe CYMMBI ClipaBa. BeiGpaHHbIe HepBbIe ¢
MalllMH IIEePEeBO34AT HEe MeHbIIe IIOJIOBUHBI MaCCbl CBEKJIbI.

Ocrajioch OneHuTh 9uca0 Mamud. 79 = 2p + 2t — 1, t.e. 2p 4+ 2t = 80, p + t = 40. Mut
JIOKa3aJju, 4T0 BhiOpaJsm 40 MariuH.

4. ABCD — pom6. Toukn FE u F' jexar, coorBeTcTBeHHO, Ha croponax AB u BC rak, 4ro
AE  BF
BE CF
Pewenue.

= 5. Tpeyronbuuk DEF' — paBHocroponnnii. Haiiaure yrisl pomoa.

Obo3nauenus nokaszanbl Ha pucynke. Curyarnus, korga yrojg DD pomba ocTpbiil, HEBO3-
moxkHa (cM. gasee). Orverum Ha cropore AB touky P tak, uro AP = EB = FC.
Tpeyroawaukn CDF uw ADP paBHbI, Tak Kak UMeroT paHbie yrubl /A = ZC' u nomnap-
HO papHble cToponbl AD = DC, AP = FC. C yyeTroMm TOro, 94ro TpeyrojbpHuk FED
PABHOCTOPOHHHUI 110 YCJIOBHIO, MOJYYaeM, 4TO TpeyroabHuk D P — paBHoOeIpeHHbIH
(ED = FD = PD). (B sror momenT 3amMeTum, 4T0 ecju yroj pomba ZA Tynoii, To yrosu
ZAPD octpsiii, u B paBHOGeApeHHOM Tpeyrojbauke F D P yrojs npu 0CHOBaHWE TYIIOM,



9T0 HEBO3MOXKHO). OrMernm papubie yribl & = LA = /Cwuwy=LADP = ZCDF'. Ha-
xoquMm ZEPD = x+vy (Baemnuit yron tpeyroipauka ADP) u ZPDE = 180° —2(z+y).
CaoxkuMm Bee yrusl ipu Bepiutae D pomba (£D = 180° — z), moay4uM ypaBHeHHe

Y+ 180° — 2(x 4 y) 4+ 60° +y = 180° —

Orciona x = 60°, yrbt pomba papasl 60° w 120°.

Oxonuanue pererust MOxKeT ObITh ApyruM. [locse Toro, Kak JoKa3aau, 9To TPEeyroJbHIUK
EDP pasuOOeapeHHBIN, 3aMeTUM, 4TO paBHbl ero BHemHue yrubl: LAPD = /BED.
Orcroma tpeyroibanku APD w BED paBHBI 10 JIBYyM YKa3aHHBIM yTJIaM U CTOPOHAM
(AP = EB, PD = ED). Otciona BD = AD, u tpeyroiabauk ABD paBHOCTOPOHHHU.
Buaunt, ZBAD = 60°.

Omeem. Yl pomba pasubl 60° u 120°.

Y3sbl GeCKOHETHOH ceTKH (KazKIas sdeiika MpejcTaisier coboil KBaapaT) pacKpalieHbl
B TPH IBeTa, NpUYeM BCe TPH IBeTa WCIOJIb30BaHbBI. /loKaykuTe, 9TO HalgeTca MpsaMo-
YIOJIbHBI TPEYTIOJIbHUK C KaTeTaM#, He 00d43aTe/IbHO MIYIIUMU 110 JIMHUIM CEeTKHU, BCE
TPU BEPIIMHBI KOTOPOT'O PACIOJO0XKEHbI B y3/1aX CeTKU U PACKPAlleHbl B PAa3HbIE I[BeTa.
Pewerue.

[IporymepyeM IIBeTa y370B - EPBBIH, BTOPOit, TpeTHil.

PaccmorpuMm mepBblil coydaii. Bece ropm3oHTanbHBIE TpsMble pacKpallleHbl KaxkKjaasd B
CBOM 1BET (Ha KazKJI0M TOPU3OHTAJILHON NpAMO# coaepzkarcd y3Jibl TOJBKO OJHOIO IIBe-
ta). B Takom cirydae GepeM MpoU3BOIBHBIN y3€J1 ePBOro 1BETa U IIPOBOIUM Yepe3 Hero
JIBE B3aUMHO MEPHEHIUKY/ISIPHBIE TTPAMBIE 110 JUATOHAJBHBIM JIMHUAM ceTKu. [lepeceue-
HUE C ABYMd IPAMBIMU, OKPAIICHHBIMU BO BTOPOU UM TpeTHi 1BEeT, JACT JIBE BEPIIUHDI
IPSMOYTOBHOrO Tpeyroabauka. (Kaxkaas u3 1ByX JHATOHATBHBIX MPAMBIX OYI€T HMeTh
XOTsI OB OJTHO TIepecedeHne ¢ TOPUIOHTAIBHON TMPSIMO# BTOPOTO IIBeTa U ¢ TOPU30HTATh-
HOIi MPSIMOii TPeThEro I1Bera).

Paccmorpum BTOpOit cayqait. Haiinercs ropusonTasibHast npsMast [, COmeprKaIias y3.bl
JBYX 1BETOB (IIepBOTO U BTOPOro). Bepem Ha MIOCKOCTH y3€e TPEeThEro Ipera (OH Cyle-
cTByeT ¥ He JiesKUT Ha [). [IpoBoguM depe3 Hero BepPTHKAJIBHYIO MPSIMYIO [0 Tepecede-
Hud ¢ [. B mepecevennn mosiydaeM y3es 0JHOTO U3 ABYX IBeTOB. IIycTh 3TOT y3es nuMmeer
nepsbiit mBer. Haiinem Ha mpsmoit [ y3ea BTOPOro IBETA W MOJIYyJaeM MPSIMOYTOTbHBII
TPEYTOJBHUK C BEPITHHAME TPEX NBETOB (M NOPU30HTAJIBHBIM W BEPTHKAJbHBIM KaTeTa-
PaccemorpuMm Tpertuit caydaii. CymecTByeT ropu30HTAJbHAS IIPSIMasd 1M, ColepzKalas y3-
JIBI BCEX TPeX IBETOB (M HE CYNIECTBYET MOPH30HTATLHOU MPSMOM, Y36l KOTOPOH pac-
KDAIlleHbl B JIBa [[BeTa, MHAYE BO3BPAIIAEMCs KO BTOPOMY ciydalo). Boibupaem Ha Heii
y3eJ1 1mepBoro mpera (HazoBeM ero A) W MPOBOAMM BePTUKAJIL Yepe3 TOT y3es. Fcau



Ha BePTUKAJIBLHON IMpsMoil HaiimeTcst XoTs Obl OHA TOYKa BTOPOrO I[BETa, UCKOMBIH Tpe-
YIOJIBHUK HOCTpOeH (y3eJ BTOPOro IBeTa Ha BEPTHKAJHU, y3e1 A IepBOro npera Ha mnepe-
CEYEHUN BEPTUKAJM U TOPU30HTAHU, Y3€/I TPEThero MBeTa CyIecTBYeT U BHIOUpAeTCcs Ha
npsivoit m). TTokazanublii crocob BEIOOpa TPeX BEPIINH HEBO3MOKEH TOJBKO TP OTHOM
YCJIOBHH - JII00asd BepTUKAJIbHAS IIPAMad COAECPKUAT TOJIBKO y3Jbl ojHoro msera. Ho 3To
COOTBETCTBYET MEPBOMY PACCMOTPEHHOMY CJIYYaro (TOJBKO MOPH30HTATBLHOE HANpaBJIe-
HUEe M3MEHWJIOCh Ha Bepruka/ibaoe). IIposesem rakoe nocrpoenue eme pas. [TpoBoaum
yepe3 y3eq A JiBe B3aMMHO IEPIEeHIUKY/ISIPHBIE MPSAMbBIE MO JIHATOHAJIBHBIM JIHHHSIM.
Tak kak Ha TPAMOI M CYIIECTBYIOT Y3JbI JBYX OCTABIIUXCS I[BETOB, TO CYIIECTBYIOT
JIB€ BEPTHUKAJBbHBIE NIPAMBIE, BCE Y3Jbl KOTOPBIX UMEIOT OJUH OINPEJICJICHHBIN TBET, OJHA
psiMad BTOPOTO I[BeTa, U OJHA MpAMas TpeThero npeta. Kaxkmas m3 JIBYX MTPOBeJIEHHBIX
UArOHAJLHBIX MPSAMBIX TepecedeT 3TU JIBe BepPTHKAJIbHBIE MpsaMbie B y3aax. [lomyanm
OJMH y3eJ BTOPOrO IBeTa W OJWH y3eJl TPETHEro IBeTa Ha MEePHeHANKYAAPHBIX JIydax
(karerax), BHIXOJAAIIMX M3 BEPIIUHBI IEPBOTO I[BETA.

Urak, jijist 1106010 BO3MOYKHOIO Cjlydas PACKPACKH BCEX TOPU30HTAIBHBIX HMPAMBIX MbI
MOKa3aJdd CYIIEeCTBOBAHUE MMPAMOYTOJIBHOTO TPEYTOJbHUKA ¢ PACKPACKON BEPIUH B TPHU
IBeTA.
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1. Bonbmasa kapyceab mpeacTaBigeT coboit GUTyPKU CKA30UHBIX 3Bepeil, IBUKYIIUXCS O
KpPYyry Jpyr 3a JpPyroM, Ha KOTOPbIX MOYXKHO Kararhcs. Llo jecars yyenukon 6a, 66, 68
KJIACCOB U TI0 IMATh YIEHUKOB 7a ¥ 70 KJIACCOB Pa3MeCTHIUCH Ha KAPYCeIu, 3aHIB BCE Me-
cta. OKa3ajaoch, 9TO HUKaKUe JTBA MECTUKJIACCHUKA U3 PA3HBIX KJIACCOB HE CHIAT JIPYT
3a IpyroM moapsi. Jlokaxkure, 9To HalyTcd TPU MIECTHKIACCHUKA U3 OJHOTO KJlacca,
DPa3MEeCTHUBIIINECS HA KaPYCeIu JPYT 3a IPYTOM.

Pewenue.

Bradgase 3aMeTHM, 9TO €CJIM HAIIOCh YeThIpe N OosIee MMeCTHKIACCHUKA U3 OTHOTO KJIac-
ca, CHAAIAX APYT 38 APYTOM, TO, TeM CaMbIM, HAIILJIOCh TPU TAKUX IMECTHKJIACCHUKA.
Ilycts He HaNLIOCH HU OJHON YKa3aHHOW TPOMKHM MECTUKJIACCHUKOB. DTO 3HAYUT, UTO
BCe MECTUKJIACCHUKN W3 OJHOTO KJIACCa CUIAT MO OTHOMY ¥ 1o nBa moaps. [lo yemo-
BUIO 3a/la4M, TAKUe €JUHUYHbIC WA HAaPHbIE IMEeCTUKJIACCHUKHU Pa3/Ie/IeHbl CEMUKJIACC-
HUKOM (HMHA4e 1Ba TIECTUKJIACCHUKA W3 PA3HBIX KJIACCOB CHIENN OBl APYT 3a JPYTOM).
HaumenbIiee KOM4aecTBO pa3/ieanreseii-ceMUKJIaCCHIKOB MTOTPeOyeTcs, eCJIM BCe TeCTH-
KJIACCHUKH CHJISIT [TOCJIEIOBATEIBHO ToTapHo. Beero map 6y/er naruaauarh (o msith Ha
KJIACC), ¥ Ha KPYTOBOI Kapyceau noTpedyercs maTHaanaTh pasaemureneii. Ho y Hac Bee-
r'o JIeCATh CEMUKJIACCHUKOB, II03TOMY Mbl 110/Iy4aeM IPOTUBOPEUHE C HPEJII0I0KUTE /b
HOl paccaIKoi, U CYIIECTBYET X0Ts Obl OJIHA TPOWKA IECTUKIACCHUKOB OJHOTO KJIacCa,
Pa3MECTUBIIUXCS JPYT 38 JAPYTOM.

2. ABCD — rtpanenus ¢ ocuoanusimu AD u BC, takast, 4T0 MOKHO MOCTPOHTH OKPY K-
HOCTH ¢ jquamerpom BC, npoxosgiiyto depes cepeaunbl guaronaneit AC w BD, n xaca-
forryiocsd AD. Haiiiure yriibl Tpamerun.

Pewenrue.

A H D

Ilepswiti cnocob. [lycts Touka M — cepemuna quaronanun AC, Touka O — meHTP OKPYZKHO-
ctu u cepenuna ocHoBanus BC'. B tpeyrossauke ABC orpesok MO — cpenHsis JTuHHS,
T.e. OH mapaJjiieaeH OOKOBOil cropone AB Tpalenuud ¥ paBeH IOJOBHHE 3TOH CTOPOHHI.
Tak kak jymua MO paBHa pajguycy r OKpyzKHOCTH (Touka M 10 YCJOBHIO JIEXKHT HA



okpyxHOCTH), T0 AB = 2r. Onycrum Boicory BH w3 touku B. Karer BH BiaBoe Ko-
poue runorenysol AB, ciegoarenbno, yron BAD pasen 30°. Torma yron ABC pasen
150°. Arajornvnbie pacCyzKIEHUS PO CePenHy auaronasn B npuBoaaT K pe3yabTa-
ty LZADC = 30°, ZDCB = 150°.

Bmopoti cnoco6. 3amerum, 9410 TpeyroabHuk BMC npgaMoyroJbHbBIH, TaK KaK ero Bep-
MITHA JIEYKUT HA OKPYKHOCTH, a ocHOBaHUe — auameTp. [lostomy BM — BbICOTa B Tpe-
yroabauke ABC| a, Tak Kak 110 YCJIOBUIO 9TOT OTPE30K SIBJISIETCSl MEJMAaHOM, TO Tpe-
yronpauk ABC' paBuoGeapenubiii. B npamoyrosbHoM Tpeyroabauke ABH runorenysa
paBua 2r, u karer BH pasen 7. [Tosryuaem, uro yroa BAD pasen 30°. Torga yron ABC
paper 150°. AHaJIOrdYHBIE PACCYKICHHUS PO CepeInHy auaronaan B nmpuBomgar K pe-
syaprary LZADC = 30°, ZDCB = 150°.

Omesem. 30°,150°, 150°, 30°

Haiinure Bce pemeHust ypaBHeHHS
nS+3n° +3nt+ 23 +3n2+3n+1=m>

rje m,n — meJjble Yuca.
Pewenue.
[Ipeobpa3yem JieBYIO 4acTh ypPaBHEHHS

S+ 3 +3nt+nt+nt+ 32 +3n+1=m

n*(n® +3n* +3n+ 1) +n° +3n*+3n+1=m?
n*(n+12+(n+1>=m?

N+ D(n+17°=m?

HpOI/ISBe,ILGHI/IG OeJIbIX YHuCeJl CJeBa ABJIAdeTCd Ky6OM m3, SHAYUT, KaxKJ0€ U3 3THX YHh-

ces sBJIsgeTcss KyboM, WU OaHO U3 HUX paBHOo 0. B mepBowm ciaydae mosydaem, 9To aBa
II0CJIEI0BATEbHBIX HATYPAIbHBIX uucaa, n° u n’ + 1, asasiorcsa xkybamu. Ho jBa mocie-
JIOBATEJIbHBIX YHCJIa ABILIOTCA KybaMu TOJBKO B TOM cjydae, ecau 310 0 u 1 wanm —1
u 0. Ilonygaem BapuanTel n = —1 wau n = 0, npoBepdgeM MOJACTAHOBKOMN, BBIYUCIAEM
m u cocTaBjsgeM oTBeT. Bo BTopoM ciiydae, KOTa OJUH U3 MHOXKHUTe el ciaeBa 0, cHoBa
Bo3BparmaeMcsa K orBery n = —1, m = 0.

[IpuBeem j0Ka3aTeIbCTBO, YTO JIBa MOCJE0BATEIbHBIX Ky0a — 310 ToyibKO ducaa 0 u 1
win —1 u 0. (Cunraercs usBecTHbBIM (bakTOM, B paboTe MOKHO He JTOKA3bIBATH).

a=1z3 a= a3 a=a3

b=y’ =9, b=y,

a—b=1, -y =1, (z —y)(@® + 2y +y*) = 1.
C yderom TOro, 4TO T, Y IeJble YHCJIA, TTOCJAeHee TPOU3BEICHIE SBISIETCS MPOU3BeIe-
aueM 11 wmn (—1) - (—1), orkyna nmoayuaem ¢ = 1, y =0 wm 2 =0, y = —1.
Omeem.n=—1, m=0wmn=0,m=1.

Harypanabaoe 4mesio n TaKOBO, 9TO 9UCTI0 N + 1 genrutesa Ha 8. lokaxknTe, 9T0 cymMma
BCeX Jlesiuresieil yucia n, BKJA4Yasd 1 1 caMo YUCJI0, JIeJINTCH Ha 8.

Pewenue.

BamMernuM, 9TO YHCJI0 N gaeT octaTok 7 npu generun Ha 8. [Iycrs n = ab. Paccmorpum
OCTATKH OT JieJieHus: ¢ U b Ha 8 U cocTaBuM TabJIHIly MTPOU3BEIEHUS OCTATKOB (IPYTHME



CJIOBAMHU, PACCMOTPHUM TabJIUILy TPOU3BeIeHui ab 1o MomyIiio 8).

N o onw N -=o

olo|o|lololojolclo
N IR= RAU T ROC N Y S )
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Ao ol nlolelol
w| o ||~ oo o
||| ol aloolo
ol w| | ol o ~1] o~

N3zygaem Tabiuily U HaXOMM, YTO IPOU3BE/IEHIE, JAIOIEe B OCTATKe 7, MOYKHO MOy YUTh
TOJMBKO B caydasax a = 8k + 1,0 =8l 4+ T;a = 8k +3,b =8l +5;, a =8k+5,b =
8l +3;a =8k+7,b=28l+1 (k, | — marypasbnbie). [losTOoMy Te menuTesn ducjaa n,
KOTOpBIE 00PA3yIOT HAPHL, JAI0T B CyMMe OCTATOK IIPU JeJeHHH Ha 8, paBHblii 0. 910 Ke
BEpHO U B caydae napbl a = 1, b = n. Orcooga cymma Beex Jejnreieil ecrb CyMMa Beex
nap jesmreseil, a Kaxjaad napa JgaeT CyMMy, JeJdIyiocd Ha 8.

. Ilycts a, b, ¢ — cTopoHbI TpeyroibHUKa. J{oKaxkuTe HEpaBeHCTBO

a> b 3ab 1
g+§+c—2>

Pewenue.
[Tepenuiiem HEPABEHCTBO K PABHOCUJIBHOMY BHLY

a® + b + 3abe > &
I3 HepaBeHcTBa TPEYTOAbHUKA CJIELYeT
at+b>c>0

OGe yacTu HepaBeHCTBA YMHOKUM Ha MojoxkuTebHoe uucio (a? — ab+ b?) (ono pasuo
0 TospKo pu a = b = 0)

(a+b)(a® — ab+ b*) > c(a® — ab + b?)
[TpubaBum K 0bemm HacTsIM HepaBeHCTBa 3abc
(a+ b)(a® — ab+ b?) + 3abc > c(a® — ab + b*) + 3abe

[Ipeobpazyem
a® 4+ b* 4 3abc > c(a® — ab + b* + 3ab)
a® + b + 3abe > c(a + b)?

Ydarem, 9TO
cla+b)? > ¢

[Tosryaaem
a® +b* + 3abe > c(a + b)* > &



JlenuHrpajackas 001acThb
Bcepoccuiickag oumMnmasa MKOJBHUKOB IO MaTEMATHKE
MynuyunaavHulli 3man
2019-2020 yu.ron
10 kJacc
Pemmennsa u orseThHl

1. Ha maxMaTHyio 70cKy 8 X 8 BBIKJIAILIBAIOT (DUIIKH MO caeayionemMy mpasuiy. [lepso-
HaYaJbHO JOCKA IIyCTas. XOJ COCTOUT B TOM, YTO Ha Jitoboe cBODOHOE IM0JIe CTABUTCS
dumka. ITUM Ke XOIO0M POBHO OfHA M3 (DUIIMEK, OKAZABIIUXCH C HEl HA COCeTHEM TO-
Jle, CHEMAeTCsl ¢ JIOCKU (ecqu mMeeTcst Takas coceduss dunika). Kakoe Hambosibliee
KOJITYECTBO (DUIIEK MOXKET PACIOJOKUTHCS Ha JOCKe, C YIeTOM YKA3aHHOTO IpaBuja’
CoceTHUMU TIOJIAME CIUTAIOTCS OJTUKAMUIITE 1O TOPU30HTAJMN, BEPTUKAIN B JTHATOHAJIL.
Pewerue.
yBeﬂI/IqI/ITb YHUCJI0 CI)I/IHIGK Ha JOCKE Ha OJHY MOXKHO TOJIBKO TOI'la, KOI'Zla HOBad CbI/H_H—
Ka CTaBHTCS HA IOJHOCTBIO CBOOOJIHOE II0JIE, T.€. HA II0JIe, BCe COCEJIHUE II0Jid KOTOPOro
cBOOOIHBI OT (bHIIIeK.
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Boeigenum oqun ropusontanabubiii psga A1-H1, cm. puc. Mbr Mozkem 3a10/HATE 3TOT DS
dunrkamu cjieBa Hanpaso. [ 3Toro 0y/ieM paccTaBiadgTh (PUINKH 110 0O9ePein, KaK MoKa-
3aHO Ha pucyHKe. HoMepa B KpyKOYKaX YKa3bIBAIOT MOCIE0BATEIBHOCTH BBICTABICHUS
dumek. [lepeuepkHyTHI!l HOMep O3HAYaeT CHATHE (DUINKH MPU BHICTABJIEHHUH COCETHEN.
[Ipu 3anmoTHeHNY HUZKHETO psiia KaxKias caenyommas (hUIKa CHUMAaeT C JTIOCKH MpPeJTbl-
JIYIIYIO, MO3TOMY BbICTaB/IeHUE (DUIIKH ¢ HeYeTHBIM HOoMepom B juHuio Al-H1 ymanser
$umky ¢ TpeapIymuM 9eTHEIM HOMepoM 3 psiaa A2-H2. Urobsr moctaButh (hUIIKy HaA
nojie H1, norpedyercsa cnavdasta noctaBuTh uiiky Homep 14 na nosne H3, 3atem dpunky
nomep 15 ma nose H2, cuas npeapiayiryio. Ocraercs MocTaBuTh GUIIKY HOMEp 16 Ha
yrioBoe nosie H1, cusas ¢pumky nomep 15 ¢ pocku.

Jlajiee Mbl MOZKEM aHAJIOTUYHBIM CIIOCOOOM 3AIIOJIHUTh BCE I'OPU30HTAJbHbBIE PsiJibl JI0
A6-H6. Panet AT-F7 u A8-F8 npumercs 3amoHaTh nHade, Tak KaK CBEPXY HAJ HUMU
HEJI0CTATOIHO CBOOOMHBIX moJieit. [lopsiToK 3amo/IHeHUsT IBYX BEPTUKAJBHBIX KJIETOK A7
u A8 mokazan Ha BTOPOM pucyHke. /ljig wX 3amosHenus: HeoOXOIMMO JIBAZK/Ibl HAYATD
¢ nossg C8. dtuMm cmocodboMm Mbl goitneMm g0 momaeit F7 u F8. Jlanbine BipapBo IpoaBu-
HYTbCS HE TOJYYIUTCS, MOCKOJIBKY HET CBOOOIHOTO Mo, KpoMme mossd H8. Mbl moxkem



OCTABUTH (DUIIKY HAa 9TO TOJIe, U, IIPHU >KEJAHUU 3al0JHATH noje G8, cHaB DHIIKY C
nosist H8. Mtak Mbl mokasaJin, KaKk MOXKHO 3all0JHATH 10cKy 61 dumkoit. CymecTByior
JIPYTHe TMOC/Ie0BATEeTbHOCTH PACCTAHOBOK ¥ JIPYTI'He UTOrOBbIe paccTaHoBKHU 61 durmku.

=0 10|0|0|0|0|0] 0O
~|O10]10|0|0|0|0| 0
-l O 1010|0000 0O
010|100 0|0|0|0
-1O1O010|0|0|0|0]|0

-1 010|010l 0|0|0]|0
2|0 100|000
=0 10|0|0|O|0O

Ocraercs 1oKa3aTh, 9T0 62 DUIIKYE paccTaBUTH HeEBO3MOXKHO. [IyeTh HA m0CKe paccTasiie-
Ha 61 dumka. Tpu cBOOOIHBIX 1O/ HE MO3BOJALIOT BbIJICJUTH U3 HUX OJIHO, HE UMEIOIIee
3aHATHIX COCETHUX Mojeil. MuHuMaIbHOe YHCI0 CTOPOH CBOOOIHOTO TOJd, K KOTOPBIM
MOZKET IIPUMBIKATh JAPYToe CBODOTHOe TOJie - JIBe, B yIIy Aocku. [losTomy MuHUMATL-
HOe HeoOXOIMMOe YUCI0 CBOOOTHBIX coceleil - TpH, ¢ YIeTOM JUATOHAJBHOTO COCETHETO
MOJIA, CM. PHCYHOK.

Omeem. Moxuo pacrnosioxuth ne 6osiee 61 dpunrkmu.

. f(x) m g(x) — kBagpaTHBIE TPEXUWICHBI, Y KAXKJOTO U3 KOTOPBIX cTapiiuii Koadbduiment
pasen 1. Useectno, uro tpexunen h(x) = f(z) + g(x) numeer aBa pazauduHbIX KOPHS,
W KayK/Iplil W3 3TUX KOpHeil sB/Iderca Takxke KopHem ypashenus f(z) = ¢*(z) + ¢*(x).
Hokazkure, aro Tpexuiensl f(x) u g(r) paBHbI.

Pewenue.

[Iycth o1  x2 — KOpHU TpexwiaeHa h(x). Dro oznavaer, uro f(z1) = —g(z1), f(z2) =
—g(z2). Orcroga noydaem, 4ro

g*(x1) + ¢*(x1) + g(z1) = 0
g(x1)(g*(z1) + g(x1) +1) =0

BaMeTHM, 4TO HU IPH KaKuX 3HadendAx ¢(z;) Bepazkenue g2(x1)+g(z1)+ 1 He obpaTuTcs
B 0 (ero MOKHO PACCMOTPETh KAK TPEXWIEH ¢ OTPUIATEIbHBIM JUCKPUMUHAHTOM ). [To-
sromy npoussenenne g(x1)(g(z1)+g(x1)+1) obpamaercs B HOb TOMBKO ipH g(x1) = 0.
[Tosromy KOpeHb T1 — KOpeHb TpexdieHa h(x) — OJHOBPEMEHHO sB/isteTcst KopHeM ¢ (), u,
cJieJI0BaTeIbHO, KOpHeM f (). AHAJIOrHYHBble PACCYZK/I€HUs] BEDHbI B OTHOIIEHUN KOPHSI
ZIo.



Nrak, kBajpaTHbie Tpex4uieHbl f(x) u g(x) UMeT 1o JBa KOPHs, U UX KOPHH COBIAJA-
10T. YauTbiBast, 4To crapinue Ko3HOUIUeHTh PABHbL 1, JIeJ1aeM BbIBOJ, YTO TPEX1JIeHbI
f(z) m g(x) coBnamator. (YTBEp:KIEHNE O COBIAQJIEHUN TPEXTIEHOB C JABYMsl OJMHAKO-
BBIME KODHSIMHU M OJJMHAKOBBIME CTAPITUMHU KOI(DMDUIMEHTAMI CIUTAETCST U3BECTHBIM 13
IIKOJIBHOTO Kypca, Tak Kak f(z) =1 (v —xy)(z — xg) = g(x).)

Buccekrpuco yrios A u C Tpeyroabuuka ABC 1nepecekaioT OIMCAHHYIO BOKPYT HETo
OKpy:KHOCTH B TouKax F um D coorsercrBenno. Orpe3ok DFE nepecekaer croponbl AB
u BC' coorBercTBenHO B Toukax F u G. llycrs I — Touka nmepecedenusi GUCCEKTPHC Tpe-
yronpanka ABC. Jlokaxkute, 9T0 9eThIpexyroabHuk BFIG — pomo.

Pewerue.

Jyru BE u EC paBHbI, Tak KaK Ha HAX onupaioTcsa pasabie yriubl ZBAFE w ZEAC. Tlo-
stomy pasubl yruiel ZBDE w ZEDC'. Tlonyannu, aro DE — 6uccexrpuca yrna ZBDI.
[Tosromy Touku B u I nexat Ha jgydax DB u DI, cAHMMETpHYIHBIX JIPYT APYT'Y OTHOCH-
TeJbHO npsmoit DE. Anamornano, Touku B u [ nexar na nydax EB u Fl, cumMmeTpud-
HBIX JIPYT JApYyTy oTHOCHTELHO 1psiMoit D E. Tlosromy Touka B, Kak TOYKA IepecedeHust
gyueit DB v EB, npu oTpaKeHuu OTHOCUTEIHHO npamoit DE, nepexoauT B TOYKY Iie-
pecedenust 0OPa30B ITUX JyUell, T.e. B TOUKY nepecedenus jydeit DI w El, T.e. B TOUKY
I. Ntak, Touku B u [ cuMMeTpudHbI OTHOCHTEIbHO npsimoit DFE. 3uauut, yron ZBOE
— mpsIMOii, U paBHBI oTpesku BF = FI, BG = G1.

Ocramoch 3aMeTuTb, 9T0 TOYKA F' 1 (G CHMMETPUYHBI OTHOCUTETHHO mpsiMoit BI, Tak
Kak jay4a Bl asnasercsa 6uccekrpucoit yriia F'BG, u orpe3ok F'G nepnenaukyaspen omc-
ceKTpuce (MHBIMH CJIOBaMH, TpeyroabHuk FBG — paBHOGeIpeHHBIH, Tak Kak OHCCeK-
tpuca yria ZGBG sBisiercsa BoicoToii). [loaToMy BCe OTpe3KH paBHBI MeKLy COOOi:

BF =FI =BG =0GI.

B nexoropoii crpane 47 ropoios. B Kax10M ropojie ecTh aBTOBOK3aJI, 13 KOTOPOTO XOJIAT
aBTOOYCHI B JPyT'He ropoja CTPpaHbl U, BOSMOXKHO, 3a I'paHuIly. [lyTenrecTBeHHIK U3y InI
paciucanue U OMpeJesuI JId KazxKJI0ro ropojia 9YucjaI0 BHYTPEHHUX aBTOOYCHBIX JIMHMIA,
BBIXOJSIHUX 3 Hero. OKa3aioch, 9T0 ecjim He paceMarpuBarh ropo O3epHbiii, TO Jiist
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KazKoOTo M3 OCTaJbHBIX 46 TOPOJIOB YUCJI0 BHYTPEHHUX JUHUN, BBIXOASIINX M3 HErO, OT-
JIMYAETCHd OT YUC/IA JIMHUH, BBIXOJAIIUX U3 JAPYyrux ropojos. Haiijgure, co cKoOJIbKUMHU
ropoaMu CTPAHBI UMEET IPAMOe aBTOOycHOe coobienue ropoa O3epHbrii.

Hucao 6HYMPEHHUT A8MOOYCHLLT AUHUT 048 0AHH020 20P00G — MO YUCAO 20P0008 CE0-
eti cmpansl, 8 KOMOPLLE MOHCHO JoeTaAMb U3 JaHH020 20P00G HA NPAMOM a6MObYCce, be3s
nepecadok. Jlunuu cummempuunsl: ecau u3 20poda A moscno doexams do 20poda B, mo
u u3 20poda B moorcro doexamv do 2opoda A.

Pewerue.

SamernM, 9TO BHEITHUE JTUHUNN He YIUTHIBAIOTCS B 3TOW 3a/1a4e.

Bcero cymecTByeT 47 BapHaHTOB YHUCIa BHYTpeHHUX JuHuil — oT 0 10 46. 3ameTnMm, 9TO
CyIllIecTBOBaHUEe ropoja ¢ 46 JHHUAMHI UCKJIIOYAET CYIIECTBOBaHHE ropoja ¢ 0 JUHUAME
1 Hao0OOPOT.

[IycTs umeercsd ropoj, ¢ 46 nunusgvu. Torjaa HauMenbliiee 9ucjio JUHAN, BIXOJAAIINX U3
OJTHOTO TOPOJIA - OJIHA, U BCe Tucsa or 1 10 46 BerpedatoTcs 6e3 mpomyckoB (TOpoios 6e3
ydera ropoga Oszepubiit — 46). [opoj, U3 KOTOPOro XOJUT OJUH aBTOOYC, He MOYKET GbITh
cBgA3aH ¢ ropoaoM O3epHBbId, TaK KaK ero e€JIMHCTBEHHAas JUHUA JOJKHA IPUBOIHUTL B
rofos ¢ 46 naunusMu (uHAYE TOMY He Haligercs 46-it maper). Mbl OpraHu3oBaIu mapy
1-46. Takxke paccmorpum ropoj ¢ 45 junugmu. [loctaBuM eMy B COOTBETCTBHE TOPOJ,
¢ JABYMS JIMHUAME. 3aMeTUM, 9TO TOPOJ C JABYMS JUHUSIMU HE MOYKET OBITHb CBS3aH C
Ozepubim. Paccy:kmas Tak e gafbiie, Mbl Opranu3yem napbr 3-44, 4-43 u .71, 10 mapsi
23-24. I'opoj, ¢ MEHBITUM YUCJIOM JIUHHUE B KazK/I0H Imape He ¢Ba3aH ¢ ropogoM O3epHbIi.
BameruM, uTo roposa O3epHBI He BXOAUT B 9TU Mapbl, TaK KaK JJAs CyIIECTBOBAHUSA
OOJIbIIero Yuc/Ia JUHUN B KayKJ10i nape HeoOxoanmMa CBsi3b ¢ ropogom Oszepubiit. Urak,
BCe TOPO/1a pa3dUThl Ha MaPhl, KAXK,10€ 9iCa0 JuHuit oT 1 /10 46 BcTpevdaeTcss pOBHO OJIHH
pa3. [lockonbKy B KaxKJI0il mape poOBHO OuH ropos cBs3an ¢ O3epubiM, TO ropon O3ep-
HBI cBg3aH ¢ 23 ropojilaMu, Mo YUCy Hap.

[IycTh MakcUMaIbHOE YUCIO0 JTuHUH - 45. 3HaunT, numeercsa ropoj ¢ 0 muHusMU (U3 HErO
aBTOOYCHI XOJIAT TOJBKO 33 I'PaHUILy ), U Bee duciaa ot 0 10 45 Berpedatorces 6e3 mpoiryc-
KOB (ropojioB 6e3 yuera ropona O3epubrii — 46). CHosa coctaum napbt 0-45, 1-44 u .1,
710 22-23. AHaJIOTHYHO TIpeIbIAyIneMy Caydaio, B mape 0-45 mepBoiit TOPOJ HE CBsI3aH C
OsepHbIM, & BTOPOii - CBsA3aH (MHAYe U3 HETO He TONyduTh 45 gunuii). B mape 1-44 ropos
¢ OJHOM JinHUel He cBsa3aH ¢ O3epHBIM (€ro CBsI3b 3aHsITA HA JUHUIO B TOPOJ ¢ 44 nmuHu-
gMH), a TOPoJ ¢ 44 nunusmu cBsazan ¢ O3epHBIM, YTOOB HAOPATH HYYKHOE TUCJIO JUHHUI.
Hasee, B nape 2-43 ropog ¢ nByMsi JIHHASME He ¢Bst3aH ¢ O3epHBIM (ero CBA3b 3aHATA HA
JWHUW B Toposia ¢ 44 u 43 juausivn), a ropo, ¢ 43 jauHusMu cBs3an ¢ O3epHBIM, 9TOObI
Habparb HyzxKHOe 4ucao Juauil. [loayunnu 23 mapol. [opox O3epHblil cBsg3aH POBHO C
OJIHMM TOPOJIOM B KaxKJO# Mape, I0ITOMY OH CBA3aH € 23 TOPOJIaMH.

Omesem. O3epHblil ¢BA3aH ¢ 23 rOpoOIaMH.

Haiimure Bce Takue HaTypaJbHBIE ducaa n > 2, uro 20" + 19" nemurtea Ha
202 4 1972,

Pewerue.

Paccmorpum Bbipazkenue

20" + 19" — 197 - (20" % + 19" 7?)
[lo ycnosuio, ono meautes Ha 2072 + 19772, C apyroit cTOpOHH,
20" +19" — 197 (20"7% +19"7%) = 20"7(20° — 19%) = 20" 39

MEeTHUM, 4T °u - ~“ B3aMMHO II ThI, T.K. HA HH II TOM JINTEJIb
Bamerny, uro 20" 2 n 20" 2 + 19”2 B3aUMHO MPOCTHI, 0 OCTOl JlesiuTe

T He 4dBJIdeTcd JIUTEJIeM T “, U BBIpaxKeHud “n - ~© He UMeroT
2072 ge ercsl neaureneMm 1972 azKe 2072 i 202 + 19”2 He nMmero

11



OOIIMUX MPOCTHIX JemTeseii. Ilosromy B mpomssegennn 20" 2 - 39 TOABKO BTOPOIl MHO-
Kuresb Moxker aeanthes Ha 20772 4+ 1972, Tlpu n — 2 > 1 soipaxenne 2072 + 19772
IPEBOCXOIUT 39, TOITOMY He MOXKET sIBJIATHCS ero jgenteneMm. OcTaercs TPOBEPUTH MO/I-
CTaHOBKOW 1 = 2, 3.

Ipu n =2 20°+19° = 2, mevernoe ancio 202 + 192 = 761 ne nesurca na 2. llpu n = 3
201 + 19! = 39, 203 4+ 19% = 39 - (20?2 — 20 - 19 + 19?) mesmTesa na 20' + 19! = 39.
Omeem. n = 3.
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JlenuHrpajackas 001acThb
Bcepoccuiickag oumMnmasa MKOJBHUKOB IO MaTEMATHKE
MynuyunaavHulli 3man
2019-2020 yu.ron
11 knacc
Pemmennsa u orseThHl

1. KakoBa HauboabIIas A1uHa apupMETHIeCKON MTPOrpeccun u3 HATYPAJIbHBIX UHCET

ai, g, ..., Gy C PA3HOCTHIO 2, B KOTOPOH mpu Bcex k = 1,2 ...,n Bce 4dncia ai + 1
SIBJISTIOTCST TIPOCTHIMMU !
Pewenue.

Bce 4wiienbl nporpeccuu J0IKHBI OBITH YeTHBIMU YUCIAMHU. PaccMOTPUM OCTaTKH OT JeJie-
Hus Ha 5. [[ockoIbKY pa3HocTh apupMeTnIeckoil TporpeccH paBHa 2, TO B IPOTPECCHH
Oy/lyT BCTpeYaThCs BCE OCTATKH OT JIEJEHUS Ha D, B MOPSIIKE
...2,4,1,3,0,2,4,1,3,0,.... 3Ha4nT, CPeIH WICHOB HPOTPECCHH BCTPETATCH TUCIA BHIA
ay = 5t +2 u a, = 5t + 3 (¢t — marypasubnoe). Jlig 5TUX Ynces BuluucisgeM a; + 1 =
25t% 4+ 20t +5 u a; + 1 = 25t% + 30t + 10. [osryuniu, 9To yKa3aHHbIE YjeHbl IPOIPECCUH
ap = 5t + 2 u a; = 5t + 3 1aI0T BBIpayKeHUs ai + 1, KOTpBIe JendaTcs Ha D W He dBJId-
10TCs pOoCTbiMU. MaKcuMaJ/IbHO JIJIMHHBI HAOOP 4/1€HOB apudMeTH4ecKo Hporpeccun,
He cojiepzKalluii 9uces Bujga ap = ot + 2 u a = bt + 3, cocrout u3 Apyx uucen. Ilo-
9TOMY HYKHBIX HaM YJIE€HOB MPOTPECCUU, MIYIIUX TMOAPSI, MOXKeT ObITh He Oojiee JByX.
EuHCTBeHHBIN cIydaii, KOrjga MOMKHO IIOJYUHTD IIOCIEI0BATE/ILHOCTD U3 TPEX YUCET —
BKJIIOUUTDL B ai + 1 gucmo 5. leiicrBurenbno, yucia 2,4, 6 o0pa3yioT apudmMeTunIecKyio
HPOI'PECCHI0 U JIAI0T COOTBETCTBYIONIYIO IIOCJIE0BATEJIbHOCTD IPOCTHIX ducest d, 17, 37.
Omeem. n = 3.

2. Hambr 2019 muorouirenos 2018-it cTemnenu, HUKaKUe JIBa U3 KOTOPBIX HE UMEIOT OOIIHMX

KopHeii. M3BecTHO, 4TO KaK/Iblil U3 3TUX MHOIOYJEHOB UMeeT OOIIUil KOPEeHb C CyMMOi
2018 ocranbubix. /lokazkure, uro cymma 3tux 2019 MHOro4/I€HOB paBHA HYJIIO.
Pewenrue.
[ycres Pi(z), Po(x), P3(x), ..., Pyig(z) — nanubie muorodwnenst, H(x) = Py(x)+ Pa(z)+
Psy(x) + ...+ Pyro(x) — ux cymma. Ormerum, aro H () — MHOTOUIEH CTEIICHU HE BBIIIE
2018. Tlyctb 27 — KOpeHb MHOrOuWwIeHa Pj(X), 9TOT KOPEHb He COBHAJAET C KOPHSIMHU
Apyrux MHOTOUINEHOB Po(x), Ps(x), ..., Paorg(x). TTo ycaoBuio, £1 — KOpeHb MHOTOUIEHA
PQ(ZE) —|— Pg({L') —|— Ce + P2019(ZE), T.€.

Pl({El) + (PQ(CI?l) + Pg(ﬂfl) + ...+ P2019({L’1)) =0

Buaunr, H(x;) = 0. Ananornano suguMm, uto H(zy) = 0, H(zs) = 0,..., H(x9019) = 0,
rae To, T3,. .., L2019 — KODHA COOTBETCTBYIONIMX MHOTOWICHOB, U OHH HE PABHBI MEXKIY
coboii.

Mbl nostyuunsu, uro muorodsien 2018-i crenenu (uiu menbineit) H(z) obpamaercs B HOJIb
B 2019 pa3nmyHBIX TOYKaX, CJIeJ0BATETHHO, STOT MHOTOYJIEH TOXK/IECTBEHHO paBeH (.

3. Ha kneruaroit 6ymare HaApHCOBAH BBIIYKJIBIH MHOTOYTOJBHUK, TaK, YTO BCE €r0 BepIIU-
Hbl HAXOJIATCS B BEPIIMHAX KJIETOK, U HU OJ[HA U3 €r0 CTOPOH HE HJET 110 TOPH30HTAJIN
Wi BepTuKaJu. JloKaxkure, 9TO CyMMa JJNH BEPTUKAJBHBIX OTPE3KOB JIMHUH CETKH,
3aK/TI0YEHHBIX BHYTPH MHOTOYT'OJIbHUKA, PaBHA CYMME JIJTUH TOPU30HTAJIbHBIX OTPE3KOB
JIMHUH CeTKHU, 3aK/JTI0YEeHHBIX BHYTPU MHOTI'OYTOJHHUKA.

Pewenue.
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okazkeM, 9TO IJIOMAIL MHOTOYTOJbHUKA paBHA CyMMe JIJIMH TOPU3OHTAJTBHBIX OTPE3-
KOB JIMHUI CEeTKH, 3aKJIIOUYEHHBIX BHYTPU MHOIOYToJibHUKA. [[ycTh JIJIMHBI COOTBECTBYIO-
IAX TOPU30HTAJIBHBIX OTPE3KOB PaBHBI A1, A3, - .., Ay_1, An. MHOMOYTOJBLHUK pa30uBa-
eTcsl TOPU30HTAJIFHBIMY OTPE3KaMW CEeTKH Ha JBa TPEyTOoJbHHUKA W Ha 1 — 1 Tparenunio.
Bricota Kaxk0it Takoii ¢gurypsl pasaa 1 (cTopone kierku). [Liomagm TpeyroJsbHUKOB

a; + ajp1 .
ST 1,2, n—1.

a
So = —u S, = —. Ilnomanp o1HOH Tpamenuu pasHa S; = 5

2
[Lnoma b BCEro MHOIOyTroIbHIKA

a4 @ tay  aztas A + Qi1 | Qg1 + Qigo e
—2+ 5 + 5 R 5 + 5 ot 5 +2—

=a;+ay+...+a;+...+a,

Anasornyso, MI0MAAL MHOTOYTOJIbBHUAKA PaBHA CyMMeE JIJIMH BEPTUKAJILHBIX OTPE3KOB
JIMHAN CeTKU. DTO JIOKA3BIBAETCHA TAKHMH YK€ PACCYKIEHUSMHU MPO BePTUKAJbHBIE OT-
pe3KH. 3HAYUT, YKA3aHHBIE B YCIOBUU CYMMBI PDABHBI MEXKy cO0Oil.

Yerwipexyroabank ABC D onucal BOKpYT oKpy:kHOCTH W. P, ), R, S — Toukm KacaHus
9T0i1 oKpyKkHOCTH cOo croporamu AB, BC, CD, DA coorBercTBeHHO. B TpeyroJbHUKI
APS, BPQ, CQR, DRS Buucanbl okpyzKHOCTH. LIeHTPBI 3THX OKpYy2KHOCTEH 0003Hae-
vel X, Y, Z, V coorBercrBenHo. Jlokaxkurte, 9TO JuaroHaJm deThipexyroabanka XY ZV
B3aMMHO HePIEH THKYISTPHEL.

Pewenue.

Paccmorpum Tpeyroabauk APS u touky X - cepemuny ayru PS okpyxKHOCTH w (HA
PHUCYHKe He HOKa3aHa, Mbl cefidac JOKazkeM, 9T0 OHa coBmnajer ¢ toukoii X ). /loka-
JKeM, 9TO TO4YKa X COBHmagaer ¢ Toukoit X. 3aMerum, 4To yroj Mexmy xopaoit XiP
u KacarejabHoit AP paseH BrnucanHomy yray ZPSXi, onupamoumemycss Ha 3Ty XOpPAY.
Tak xkax X; — cepeamna gyru PS, to yron ZPSX, pasen yriuy ZSPX;. Ilostomy sya
PX, — ouccekrpuca yria ZAPS. Tak xe nmoaydaem, 9to jayd SX; — OHCceKTpuca yria
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ZASP. Ilosromy Touka X — TOUKa IepecedeHns ero bucceKTpuc tpeyroapauka APS,
3HAYUT, COBIIAAAET ¢ TOUKON X . AHATOIMYHO, OCTAJIbHbBIE IIEHTPHI BIIMCAHHBIX OKPY AKHO-
creit Y, Z, V nexar Ha cepeuHax COOTBETCTBYIOIIUX Y.

[Tycts auaronanm dersipexyrospauka XY ZV mnepecekatorcs B Touke (). 3amMeTum, 94To
cymma ayr SP, PQ,QR, RS naer jniuHY OKPY:KHOCTH, a CYMMa IIOJIOBHHOK 9THX JIyT
PX,PY,RZ, RV naer noJIOBUHY IJIUHBI oypyzKHOCTH. Ilo m3BecTHOMY (hakTy, BeJIMUH-
Ha yria ZXOY pasua nosycymme ayr XY u ZV | 1.e. HOJOBUHE OT IOJOBUHBI YIJIOBOM
BEJIMYUHBI OKPYzKHOCTH, T.€ 90°.

Kaxkapiit 3puTenb cleKTak/as, KyIUBIIHIA OWIeT B HePBLIA psil, 3aHI OIHO U3 MECT B
nepBoM psty. OKazaaioch, YTO BCE MECTA B IIEPBOM DIy 3aHSTHI, HO KAXK/Iblil 3PUTETH
CUUT HE Ha CBOEM MecTe. bujerep MOXKeET MOMEHATH MeCTaMUu JIBYX COCeeit, ecan 0ba
CUIST He Ha cBoMX MecTtax. CMOXKeT Jin OH PACcCaJIuTh BCEX 3pUTEseil TepBOro psiaa Ha
CBOHM MecTa IIpH JIIoO0H yKa3aHHON mepBOHAYAIBHOM paccaike?

Pewenue.

SanymepyemM MecTa B HEPBOM PsijIy CJI€Ba HapaBo or 1 0 n, u 3aHyMepyeMm 3pureei
HOMEpPaMHU WX [PABUIBHBIX MecT (HamumcaHHbIME Ha Guierax). Byaem mBurarh spuresis
¢ womepom N BrupaBo. Ecim mam ymacres mepecaguth 3putess [N Ha CBOE MeCTO, TO
3a/1a9a OyJeT pelreHa, TaK KakK TeM Ke CIIOCOOOM MBI IIOTOM MEPECaINM 3PUTE/IsT HOMEP
N — 1 Ha cBoe MeCTO W T.I.

[TepecakuBaem 3putesist N BIpaBo, MEHsisi €0 C COCE0M. DTO MOKHO CHEJIATH IIPHU yCJI0-
BUM, 9TO Ha MecTe ¢ HoMepoM k + 1 #e cuaut 3putesb K (rme-1o cnpaBa 0T HAYAJIBHOTO
nosiozkernst N). 3aMeTnM, 9T0 Takasi HEMOAXOAAIAasd HaM paccajaka "cryneHbKoi" Mo-
’KeT OBITDH JJIMHHEee, 9eM B OJHO MecTo. IlokazkeMm, Kak HeOOXOAUMO [IeHCTBOBATH B 9TOM
caydae.

Urak, mycTh Ha MecTe ¢ HOMepoM k + 1 cuaut 3putenb K, HA MecTe ¢ HOMepoM k + 2
cumut 3pureab K + 1 u Tak gasee, 10 Mecra ¢ HOMEpOM k + j, HA KOTOPOM CHJIAT 3DU-
tesib K + J — 1, mpu arom masere "crynenbka" #He mpogoszkaercs (J — MaKCHMATIbHO
BO3MOKHOE 9ucJio jijig gansoro K'). PacemorpuM jiBa cirydasi.

IlepBoiit cayqait, k + j < n, 1.e. "cTynenpka'" He IOXOAWT 10 MpaBoro Kpas psia. B
9TOM cJIydae crupasa oT "crymenpku'" Ha Mecre k + j + 1 cugur 3purenb P, HOMep Ko-
TOPOIO HE COBIAJAeT o 3puresaMu, obpasytomnmvu "crynenbky" T.e. P # K+ J, P #
K+J—-1,...P # K + 1. Tlosromy 3purens P MOXKHO MepeMeCTHTh HAJIEBO JIO TeX
op, MOKa OH He ToMensgeTcss mectamu co 3putesiem N. Iocie sroro 3puresnst N MOXKHO
mepecajuTh BIPABO 0 KOHIA CTyIeHbKH, Ha MecTo k + j + 1. Ilpu sToMm Bce 3puTen
K,...,K+J—1 cragana cIBUHYTCS Ha OJHO MECTO BIPABO, & 3aTEM BEPHYTCS Ha CBOH
mecta, a N u P nomensiiorcs mecramu. Urak, 3purenss N MOXKHO TepecajiuTb depe3
"crymenbky".

Bropoit cayuaii, k + 7 = n, T.e. "crymenpka' 1oxoanT 10 1paBoro Kpas psaaa, W CAMBIM
npasbiM Oyaer 3putesib N — 1. B sTom cirydae Bce 3pure/in, HaunHad ¢ HoMepa K, pac-
CayKHBAIOTCS HA CBOM MECTa, IMOIMAPHO MEHSISICh MECTaMH, BILIOTH 10 3purens N.

Urak, peficTByst 110 YyKa3aHHOMY IIPABHILY, MOZKHO PACCAJUTh BCEX 3pUTEJICH, HAUNHAS C
nomepa N u jajee 1o yOLIBAHUIO.

Omeem. Jla, bumerep CMOMKeT PaccaauTh BCEX 3PUTEJICH.
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